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Dislocations and Grain boundaries

An edge dislocation

Grain Boundaries
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Dislocations: Burgers vectors b

Edge dislocation: b ⊥ dislocation line

Screw dislocation: b ‖ dislocation line

Mixed dislocation: b has an arbitrary angle with dislocation line

Luchan ZHANG (HKUST) Jan 4, 2017 3 / 21



Grain boundaries

Interface between two single
crystals of different orientations

The tilt and twist grain boundaries

Five degrees of freedom

Boundary normal vector n

Rotation axis a

Misorientation angle θ
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Read-Shockley dislocation model of grain boundaries

W. T. Read, W. Shockley, Phys. Rev. 78 (1950) 275-289.

A low angle tilt grain boundary is modeled by a
regular array of dislocations

The unit area energy of grain boundary is

E = E0θ[A− ln θ]

where E0 and A depend on the orientation φ
of grain boundary.
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Read-Shockley dislocation model of grain boundaries

W. T. Read, W. Shockley, Phys. Rev. 78 (1950) 275-289.

Derived by using planar boundaries with uniform distributions of
straight dislocations

No long-range elastic field (in equilibrium)

Does not apply to general nonplanar/nonequilibrium grain boundaries

Does not incorporate global dislocation structure and evolution
accurately
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New continuum model

X. Zhu, Y. Xiang, J. Mech. Phys. Solids 69 (2014) 175-194.

Nonplanar/nonequilibrium low angle grain boundaries

Enable direct study of global dislocation structure

Dislocation density potential functions η on S

The constituent dislocations are given by its contour
lines η = j , for integer j

Multiple η’s for dislocations with multiple Burgers
vectors

the local dislocation line direction t = ∇Sη×n
‖∇Sη‖

the inter-dislocation distance D = 1
‖∇Sη‖

the surface gradient ∇Sη = [∇− n(n · ∇)]η
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The continuum energy

The elastic energy: ES = Elong + Elocal

Elong =
1

2

J∑
i=1

J∑
j=1

∫
S
dSi

∫
S
dSj

[
− µ

2π

(∇Sηi × ni )× (∇Sηj × nj) · (b(i) × b(j))

rij

+
µ

4π

(∇Sηi × ni · b(i))× (∇Sηj × nj · b(j))
rij

+
µ

4π(1− ν)
(∇Sηi × ni · b(i)) · (∇⊗∇rij) · (∇Sηj × nj · b(j))

]
Elocal =

J∑
j=1

∫
S

µ(b(j))2

4π(1− ν)

[
1− ν

(∇Sηj × nj · b(j))2

(b(j))2‖∇Sηj‖2

]
‖∇Sηj‖ log

1

rg‖∇Sηj‖
dSj

Luchan ZHANG (HKUST) Jan 4, 2017 8 / 21



Grain boundaries at equilibrium state

At equilibrium state,

the long range elastic field cancels out

a grain boundary with rotation angle θ, rotation axis a satisfies Frank’s formula

B(V) = θ(V × a) =
∑
j

b(j)(∇Sηj · V), any V in gain boundary

Frank’s formula cannot determine a unique solution.
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Grain boundaries at equilibrium state

Constrained Minimization Problem (CMP)

minimize E =

∫
S
γgbdS ,

with γgb =
J∑

j=1

µ(b(j))2

4π(1− ν)

[
1− ν

(∇ηj × nj · b(j))2

(b(j))2‖∇ηj‖2

]
‖∇ηj‖ log

1

rg
√
‖∇ηj‖2 + ε

,

subject to h = θ(V × a)−
∑
j

b(j)(∇ηj · V) = 0.

Numerically the CMP can be solved by penalty method

Unconstrained Minimization Problem (UMP)

minimize Q =

∫
S

(
γgb +

1

2
α||h||2

)
dS ,

where α > 0 with large value is the penalty parameter.

UMP converges to CMP as α→∞.
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Planar grain boundary

This unconstrained minimization problem (UMP) is still challenging
due to the nonconvexity of the boundary energy.

Considering uniform distribution of straight dislocations,
∇ηj = (ηjx , ηjy ).

UMP can be solved by the gradient minimization method.

The evolution equations are

(ηjx)t = −
(
∂γgb
∂ηjx

+ α
∂p

∂ηjx

)
,

(ηjy )t = −
(
∂γgb
∂ηjy

+ α
∂p

∂ηjy

)
,

where p = ||h||2/2.
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Simulation

Apply this model to Face Centered Cubic (FCC)

Set directions [1, 1, 1], [1̄, 1, 0], [1̄, 1̄, 2] as the x , y , z directions

Six Burger’s vectors

b(1) = (0, b, 0),b(2) = (0,
b

2
,

√
3

2
b),b(3) = (0,

b

2
,−
√

3

2
b),

b(4) = (

√
6

3
b, 0,

√
3

3
b),b(5) = (−

√
6

3
b,

b

2
,

√
3

6
b),b(6) = (−

√
6

3
b,−b

2
,

√
3

6
b),

where b is the length of Burgers vectors.
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[110]tilt grain boundary (different misorientation θ)

Dislocation structure: θ = π
60 ,

π
36 ,

π
18 ,

π
9
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Continuum Model (1/b) 0.0522 0.0872 0.1745 0.3490
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[111]twist grain boundary (different misorientation θ)

Dislocation structure: θ = π
72 ,

π
48 ,

π
36 ,

π
24
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GBs with different orientations: (I) rotating around [1̄1̄2]
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GBs with different orientations: (II) rotating around [1̄10]
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GBs with different orientations: (III) rotating around [111]
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GBs with any orientation
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Grain boundary energy (a) and dislocation density (b) in stereography projection
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GBs as rotation axis varies

Fixed

boundary plane n = (111)

misorientation θ = 1.95◦
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Dislocation density (a) and grain boundary energy density (b) as a varying along path (I)
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Summary and On-going work

Summary

Continuum model for dislocation structure and energy of low angle
GBs (nonplanar, nonequilibrium)

Numerical method for structure and energy of low angle planar GBs
(arbitrary boundary, rotation axis)

Numerical simulation for structure and energy in fcc

On-going work

Nonplanar grain boundary

Dynamic problem: grain boundaries are not fixed

Nonequilibrium state: long-range energy Elong
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Thank you!
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