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Complexity questions i

Goal: study the complexity of testing convexity of a function over a box

ARestrictourselvego polynomial functions.

ARelated work:

Problem 6. N.Z. Shor proposed the question: Given a degree-4 polynomial of n
variables, what is the complexity of determining whether this polynomial describes
a convex function?

Theorem [Ahmadi,OlshevskyParrilqg Tsitsikli$
It is strongly Nfhard to test (global) convexity of polynomials of degree 4.

NP-hardness of Deciding Convexity of
Quartic Polynomials and Related Problems

Amir Ali Ahmadi, Alex Olshevsky, Pablo A. Parrilo, and John N. Tsitsiklis *f

AOne may hope that adding the restriction to a box could make things easier.
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Our theorem Jusincas S

Theorem [Ahmadi, H.]
It is strongly Nfhard to test convexity of polynomials of degree 3 over a box.

Why are we interested in convexity over a box?

Detecting Imposing

A Nonconvex optimizatiorbranch-and-bound | A Control theory: convexLyapunovunctions
. [Ahmadi andJunger$

@ [Chesand Hung]
A Prior work: ]

al.], [Grant et al.]

A In practice, BARON, C\Grobicheck
convexity of quadratics and computationally
tractable sufficient conditions for convexity
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Proof of the theorem i

Theorem [Ahmadi, H.]
It is strongly Nfhard to test convexity of polynomials of degree 3 over a box.

How to prove this? . Construct
Generic instance | 3 from | Instance J of

In general: of a known > problem we are
g .
NRhard problem  Reduction interested in

Question: What to ldea: A cubic polynomiakds convex "Qw is a matrix
do a reduction over a (fulldimensional) box if and with entriesaffine
from? onlyif "da) 0 1! wN O ine

Theorem [Nemirovski]:
LetdD w bea matrixwith entries affine ina
It isNP-hard to testwhether0(w) 0 1tfor allwin a fulldimensional box 8
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No!

Issue 1: We want to show strong NRardnessb S Y A NRddult shbviaveak NP
hardness.

Issue 2: Not every affine polynomial matrix is a valid Hessian!

CW

ExampleD(c hw) (qcbpn . 5

p) 8Ne have
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Dealing with Issue 1 (1/5) BT,

Reminder: weak vs strong NP-hardness

ADistinction only concerns problems where input is numerical

AMax(l): largest number in magnitude that appears in the input of instance |
(numerator or denominator)

ALength(l): number of bits it takes to write down input of instance |

Strong Weak

A There are instancegihat are hard with [ A The instances that are hard may contain
Max(® n(Length(@ (n is a polynomial]  nhumbers of large magnitude (e.g., .

A No pseudepolynomial algorithm possible [ A Pseudepolynomial algorithms possible

A Examples: A Examples:
Knapsack
Partition

Max -Cut
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Dealing with Issue 1 (2/5) The Businoss Schocl

Theorem [Nemirovski]: INTERVAL-PSDNESS
Let0 w bea matrixwith entries affine i
It is (weakly) NRhard to testwhether(¢) 6 mtfor allwin a fulldimensional box

Why weakly NP-hard?
INTERVAL PSDNESS

%" Construct: 6 @@ h

. . REDUCTI L e X :
Input: N a9 such that||| L) JCTO ‘& Q (hwhere A smallest cd 068

§ . . . 5
Test: does thereexistoN { pip} Take:o [ pip] andu(w (oo )

SERATELS B0 T Test: IsO(c) O ) N Oe

\_ . Show: No to PARTITION Yes to INTERVAL PSDNESS

Weakly NFhard Operation that can make the numbers in the instance blow up

Tt

8

P
ExampleD éP g but one of the entries od is¢ !
P

PP P
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Dealing with Issue 1 (3/5) The Busincss Sehoo

Theorem [Ahmadi, H.]: INTERVAL-PSDNESS
Let0 w bea matrixwith entries affine i
It isstrongly NPhard to testwhether(c) 6 ttfor allwin a fulkdimensional box 8

INTERVAL PSDNESS

MAX-CUT:

Construct: ‘Fb 1]0 | O

()
Input; simple graph G=(V,E) with e . P
T

|w| ¢ and adj. matriX hand a w Tl Q p Q00

positive integerQ ¢ Preserves strong Taked =1 and 506 (0 oo)
: _ NP-hardness [ plp] ) (&) W
Test: does there exist a cut in the | Test: IsO(w) O 1! wN Oe

graph of size greater or equal i@ \_ Show: No to MAXCUTg Yes to INTERVAL PSDNESS

Strongly NFhard Taylor series off ('O | ) truncated at the first term

é( 57‘ Scaling needed so thdi0 | 0)
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Dealing with Issue 1 (4/5) The Businoss Schocl

In more detail: No to MACUTE Yes to INTERVAL PSDNESS

No cut in'Oof size Q| y | AGBr0 p o Q p
v Ry Y,
\' T

Size of largest cut ii©
[ AB-0(E pO 8)d —— 5 [ AB -08d -Q80Q7Q p
-QdQ Q ph
e

P)

[ AG-0 (O 0)d Y ~0 (0 8w ,lon [ ]

Approximationd (_ 08 )_,_

506 ( O N6 o [ of + 06 & -l [ ol

Approximation error
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Dealing with Issue 1 (5/5) fcT,

For converse: Yde MAXCUTi Noto INTERVARSDNESS

There is a cut of size @]

: pElA AR 1 BER AO( ) ous|
Letw DEVE ARTI O EODHA &0 O previously _

MmN [ pip] s.t.0(c) #0

Similar steps N ¢)
T

T

Corollary [Ahmadi, H.]: Let¢ beanintegerand lety hy berationalnumbers
withy 1 andn 1 andip A forallQ pB e andQ phB eS8
It isstrongly NRhard to testwhether
all symmetricmatriceswith entriesin 1 1) are positivesemidefinite

Alnitial problem studied byNemirovski
A Of independent interest in robust control
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Dealing with Issue 2 (1/3) The Businoss Schocl

Theorem [Ahmadi, H.] CONV3BOX
It is strongly Nfhard to test convexity of polynomials of degree 3 over a box.

Proof: Reduction from INTERVAL PSDNESS

INTERVAL PSDNESS Problem: How to construct a cubic polynomi&¥from 0 w ?
Input: 0(w)ho ldea: Want ") 0(w)8
Test: IsO(@) 6 mh! wN 6e | Issue: Not allb & arevalidHessians

Key ideas for the construction of Jj,

A Start Withloﬁl ) -« 14 (@) ¢

A For "@odwy) to be able to bepsdwhen (@) 6 1, we need to have
a nonzero diagonal: add- " - to "@ai) 8

A i)(do)v andO w do not depend on the same variable: what if
m adw s.t.0(w T1but ') is not? The matrix cannot hesd add

6 Gt "Baf)8

a0 go'o (YO
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Dealing with Issue 2 (2/3) The Businoss Schocl

Show NO to INTERVAL PSDNENS to CONV3BOX.
This is equivalent to:

mefM [ pip] st 0§ m+ mofon [ pip]  hastd @ao)a T

&

Need to leverage extra structure ofwd, 0(wW ( 0

Candidates: & i @ T1h > ( F o)

o of —p [l6 o
Appropriately scaled so thi
a  "@ahw)aremains<o.
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Dealing with Issue 2 (3/3) The Busincss Sehoo

Show YES to INTERVAL PSDNEES to CONV3BOX.
This is equivalent to:

0(0) 6 ) @~ [ pip] +

. dzii X

"oy & mh () N [ plp] ()

~

0
len[ hT
(Assumption)
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Completely classifies the complexity of testing convexity of a
polynomial Qof degreeQover a box foanyintegerQ p8

Q p Q ¢ Q o Q 1andabove

|
o~ ; Strongly NFhard
Qs always Previous theorem | 5.+ sketch:

convex (strongly NFhard) | |A “goF8 fo)  cubicpolynomial forwhichtesting
convexityover a boyo is hard
o~ A GoBhohy ) ToBh) o
Qw AS 6 mip
constant ..
We have "o ) <

"Qw T
Tt AQ pw

b Wt )6 Tl 168 "W O mond
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Alnterested intesting convexity of a polynomial over a box.

/ 05

>
& L~

AShowed thastrongly NP-hard to test convexity otubics over a box.

AGave aomplete characterization of the complexity of testing convexity
over a box depending on the degree of the polynomial.

Aln the processstrengthened a result on the complexity of testing
positive semidefiniteness of symmetric matrices with entries belonging

to intervals.
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Thank you for listening

Questions?

Want to learn more?
https://scholar.princeton.edu/ghall
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