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Dispersive long waves models

Consider the KDV type equations,
deu + 3y (Mu + F(u)) =0, (1)

where M is a Fourier multiplier operator satisfying Mu(&) = a(&)a(¢).
Assume f(s) € C*(R,R) and

(A1) M is a self-adjoint operator, and the symbol « : R — R™ is even
and regular near 0.

(A2) There exist constants m, ¢, ¢ > 0, such that

(Differential case) ¢ |¢]™ < a (&) < & |E|™, for large &, (2)

or
(Smoothing case) c1 |¢] " <a(f) < g™, forlarge & (3)
For the classical KDV equation, M = —82 For Benjamin-Ono, Whitham

and intermediate long-wave equations, a(¢) = ||, \/“’T nd
¢ coth (CH) — H~1 respectively.

Jiayin Jin, Shasha Liao, and Zhiwu Lin Georg




Periodic Traveling waves

A periodic traveling wave (TW) solution is of the form
u(x,t) = uc(x —ct), where c € R is the traveling speed and u satisfies
the equation

Muc —cuc +f (uc) = a,

for a constant a. In general, the periodic TWSs are a three-parameter
family of solutions depending on period T, travel speed ¢ and the
constant a. The stability of periodic TWSs to perturbations of the same
period had been studied a lot in the literature. Take minimal period

T = 27t. We assume that u. (x — ct) is orbitally stable in the energy norm
infyer [|u — uc(x + y)||H%(T2n) for the differential case

[MC)lli2 ~ -, and infyer ([0 = we(x 4+ ) 12 for the
smoothing case || M) |[gm ~ || - || 2.
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Modulational instability

The modulational instability (also called Benjamin-Feir, side-band
instability) is to consider perturbations of different period and even
localized perturbations. Consider the linearized equation d;u = JLu, where
J =0y and L:= M —c+ f' (uc). By the standard Floquet-Bloch theory,
any bounded eigenfunction ¢(x) of the linearized operator JL takes the
form ¢(x) = e** v, (x), where k € [0,1] is a parameter and vy € L%(T2.).
Then JLe™ vy (x) = A(k)e™ vy (x) is equivalent to JxLxvk = A (k) vg,
where

Je =0x + ik, Ly = My—c+f'(uc).

Here, M is the Fourier multiplier operator with the symbol m(¢& + k).
We say that u is linearly modulationally unstable if there exists k € (0,1)
such that the operator Jx L, has an unstable eigenvalue A(k) with

Re A(k) > 0 in the space L?(T5.).
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Linear Modulational instability

First, it can be shown that (Lin & Zeng, 2016):

If uc is orbitally stable under perturbations of the same period, then for
any 0 > 0, there exists gy > 0 such that |k| < g implies

o (Jlg) N {‘Z‘ > (5} C iR.

Thus when k is small enough, the unstable eigenvalues of JiLx can only
bifurcate from the zero eigenvalue of JL. Since dimker (JL) = 3, the
perturbation of zero eigenvalue of JL for JxLy (0 < k < 1) can be
reduced to the eigenvalue perturbation of a 3 by 3 matrix. This had been
studied extensively in the literature and instability conditions were
obtained for various dispersive models, by Bronski, Johnson, Hur,
Kapitula, Haragus, Deconinck, ...
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Nonlinear instability-smooth case

Theorem 1 (L, Shasha Liao, Jiayin Jin, arxiv: 1704.08618) Assume
feC®(R), M satisfies (A1)-(A2) and u. is linearly modulationally
unstable. When M is smoothing, assume in addition that

¢ — [ (ue) i (mzr) = 0 > 0.

Then u is nonlinearly unstable in the following sense:

i) (Multiple periodic perturbations) 3 g € IN, 6y > 0, such that for any

s € IN and arbitrary 6 > 0, there exists a solution us(t, x) to the nonlinear
equation satisfying ||us(0, x) — e (X) || s (1) <

6 and infycqr [lus(T°, x) — ue(x + y) |l i2(t,,,) = B0, where T2 ~ [In4].

ii) (Localized perturbations) 3 6y > 0, such that for any s € IN and
arbitrary small § > 0, there exists T ~ |Iné| and a solution us(t, x) to
the nonlinear equation in the traveling frame

9:U — cdx U+ dx (MU + F(U)) =0,

satisfying | us(0, x) — uc(x) || pys(r) < 6 and lus(T2, x) — ue () |l 2(r) = 0.
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1. When M is smoothing (e.g. Whitham equation), the additional

assumption
¢ — [If'(uc) |z (t,) = 60 > 0,

is used to show the regularity of TWs and the unstable eigenfunctions. For
Whitham equation with f = u?, this assumption is verified for small
amplitude waves and numerically confirmed for large amplitude waves.

2. The nonlinear instability for multi-periodic perturbations is proved in
the orbital distance since the equation is translation invariant. For
localized perturbations, we study the equation in the space u. + H* (R)
which is not translation invariant. Therefore, we do no use the orbital
distance for nonlinear instability under localized perturbations.
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Nonlinear instability (nonsmooth case)

Theorem 2 (L, Shasha Liao, Jiayin Jin) Assume M is differential with
m > 1, that is,

alf]"<e@<elg” m>la,e>0 forlrged  (4)
and
1
f € C>*"2(R), where n > > max{1+ m, 1} is an integer, (5)

Suppose uc is linearly modulationally unstable. Then u. is nonlinearly
unstable for both multi-periodic and localized perturbations in the sense of

Theorem 1, with the initial perturbation arbitrarily small in H?" (To4) or
H?" (R).
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In Theorem 2, the assumption f € C2"2 (R) is only used to prove that
the nonlinear equation is locally well-posed in H2" (T2,4) and
uc + H?" (R) by Kato's approach of nonlinear semigroup. Assuming the
local well-posedness in the energy space HZ, we only need much weaker
assumptions on f to prove nonlinear instability:
f € C! (R) and there exist p; > 1, pp > 2, such that

|F(utv) = F(v) = (v)u] < C(Julg. [v]e) ul™ (6)

Flutv)=F(v)=f(v)u- %f'(\/) u?| < C(|ulg Ivle) [l (7)

where F (u) = [, f (s) ds. When f € C?(R), the conditions (6)-(7) are
automatically satisfied with (p1, p2) = (2, 3).
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Ideas of the proof

The proof consists of two steps. First, we use the Hamiltonian structure of
the linearized equation to get the semigroup estimates for both periodic
and localized perturbations. This is obtained by using the general theory in
a recent paper of Lin and C. Zeng.

Second, there is a difficulty of the loss of derivative in the nonlinear term
for KDV type equations. For smooth f, this loss of derivative was
overcome by using the approach of Grenier by constructing higher order
approximation solutions. For non-smooth f and differential M, it can be
overcome by a bootstrap argument.

The nonlinear instability for semilinear equations (BBM, Schrédinger,
Klein-Gordon etc.) is much easier. For multi-periodic perturbations, one
can even construct invariant (stable, unstable and center) manifolds which
characterize the complete local dynamics near unstable TWs.
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Linear Hamiltonian system

First we consider the following abstract framework of linear Hamiltonian
system

oru = JLu, ue X,
where X is a Hilbert space.
(H1) J: X* — X is a skew-adjoint operator.
(H2) L: X — X* generates a bounded bilinear symmetric form (L-,-) on
X. There exists a decomposition X = X_ @ ker L @ X satisfying that
(L-,-y|x_ <0, dimX_ =n" (L) < oo, and

(Lu, u) > 6y ||ull% . for some 6, > 0 and any u € X,
(H3) The above X, satisfy
kerix,ox ={f € X* | (f,u) =0, VueX_®X;} CD(J),
where i)”‘(+@x_ : X* — (X4 @ X_)* is the dual operator of the embedding

X, X_-
The assumption (H3) is automatically satisfied when dimker L < oo, as in

[ i d
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Exponential trichotomy of semigroup

Theorem (L & Zeng, arxiv 1703.04016) Under assumptions (H1)-(H3),
we have

X=E'®E“®E°,
satisfying: i) EY, ES and E€ are invariant under et/L. ij)
dM >0, A, >0, such that

Me Mt Wt >0,

IN

etJL |E5

X
|etJLC|Eu|X < Me)‘”t, Vi<o.

and
lete|ge|x < M(1+[t]*), VteR.

where ko < 2n~ (L).
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Exponential trichotomy (continue)

For k > 1, define the space Xk C X to be
Xk={ueX| (J)"ueX, n=1,-- k}

and
k
lullxs = llullx + 1 92ullx +--+ || (L) ul|

Assume EYS C Xk, then the exponential trichotomy holds true for X*
with
XK =E'®Ef ®E°, Ef = ESn XX
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Semigroup estimates (multiple periodic)

First, from the definition of linear MI, the unstable frequencies are in open
intervals / C (0,1). Pick a rational number ko = £ € / with p, g € N.

Then eikokao (x) is of period 271q and JL has an unstable eigenvalue in
L2(T2zq). It leads us to consider the nonlinear instability of u. in

[2(Tyrq). By the above general theorem on linear Hamiltonian PDEs, we
have

Consider the semigroup et associated with the linearized equation near
TW uc (x — ct) in the traveling frame (x — ct, t), then the exponential
trichotomy holds true in the spaces H* (Tarq) (s > %, € N) when M
is differential and in H® (T2.4) (s > 0,q € IN) when M is smoothing.
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Continue

As an immediate corollary of the above lemma, we get the following upper
bound on the growth of the semigroup ™! which is used in the proof of
nonlinear instability.

Corollary

Let Ag be the growth rate of the most unstable eigenvalue of JL in
L2 (T27q). Then for any € > 0, there exists constant C; such that
||etJLH < CeMtat for any t > 0,

HS(T2nq)

where g € N , s > 3 when M is differential and s > 0 when M is
smoothing.
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Semigroup estimates for localized perturbations

For localized perturbation in H* (IR), we cannot use the general theorem
directly since L has bands of negative continuous spectra. But notice that:
If u € H°(R), by using Fourier transform, we can write

u(x) = fol e’ uz (x) dg, where uz € H(T) and
1 .
100 By = Sl (%) [y, - Since
etLy(x ): fol e’ et%ileys (x) dE, we have

JL ~ (1] etleL
ef ‘ Hs(R) ~ Jo et ug|
H*(R) is reduced to prove the semigroup estimate of e/cl¢ in HE(T)
uniformly for ¢ € (0, 1).

2 . tJL -
Hz (T) d¢ and and the estimate of ™~ in

Let Ag be the maximal growth rate of JgLg, ¢ € (0,1). For every s > %
and any € > 0, there exists C(s,€) > 0 such that

||eJLtU0(X)||H5(IR) < C(s, E)e(Ao+e)t||Uo(X)HHs(]R).
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Nonlinear instability-smooth case

We use the idea of Grenier (CPAM, 2000) in the proof of nonlinear
instability of shear flows to construct higher order approximation solutions
and overcome the loss of derivative by using energy estimates.

Lemma (Energy estimates)

Consider the solution of the following equation

9¢v — cOxv + O Mv + 05 (f(uc + U+ v) — f(uc+ U)) =R,

with v(0,+) =0, and U (t,-) € H*(T) ,R(t,-) € H?>(T) are
given. Assume that

sup_[[U[[ () ey + IV Il 2y (2) < B,
0<t<T

then there exists a constant C (p) such that for 0 <t < T,

Ot [Vlgz < C(B) IVilmz +1IRll 2
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Higher order approximate solution

Choose integer N such that (N +1)Ag > C(1). We construct an
approximate solution U@PP to the nonlinear problem of the form

N
UPP(t, x) = uc(x) + Zé’UJ(t x),

Jj=1

where -
Ur(t, x) = vg(x)eM + 7, (x) e,

is the most rapidly growing real-valued 27rg-periodic solution of the
linearized equation. The construction is by induction and such that

1U; (£, )| 15y < CN)YE, for j=1,2,++ | N,

where | =4+ N.
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Error estimate

The construction of U®PP is to ensure that the error term
Rapp = 0+ U?PP — o, U?PP + Ix (MUPP + f(UPP)),
satisfies

| Rappll 2 < C(N) SNFLNFDAt e 0 < + < T9,

where 6e™ 7" = 6 for some 6 < 1 small. Let Us(t, x) be the solution to
the nonlinear equation with initial value uc(x) + dU; (0, x), and let
v =Us— UP.
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continue

The error term v satisfies

9¢v — cOxv + Ox Mv + 05 (F(UPP + v) — F(U?PP)) = —Rpp
v(0,-) =0.

By using the lemma on energy estimates, when 0 is small we can show that

e[Vl < CO IVl + | Rappll e, for 0 < e < T°.

Thus by Gronwall, ||v|| 2 (t) < C(N) SNHL(N+1)Aot
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The nonlinear instability follows since at the time T; with deMT’ =9,

HU&(T(S,X) — Uc

L2(Tr)

> U (700 = w0, = 1T ) ey
2
> e~ G (5er Td)
1
= G0— G > qu,

when 6 is chosen to be small. The orbital instability can be shown with
some extra estimates.
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Localized case

There is no genuine unstable eigenfunction of JL in L?(IR). Choose

u (0) = [, e*ve (x) dZ, where [ is a small interval centered at the most
unstable frequency &, with maximal growth rate Ag and v¢ (x) is the most
unstable eigenfunction of JzLz ( € I) with unstable eigenvalue A ().
Then

I
By using stationary phase type arguments, it can be shown that

Ceot
Ui(t, x ~N—
[ U () || 2wy R

.

where / is a positive integer and Ag is the maximal growth rate. By using
the semigroup estimates in H*(IR), the rest of the proof is similar to the
periodic case.
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Non-smooth case

In Theorem 1, the assumption f (u) € C* is required in order to construct
approximation solutions to sufficiently high order to close the energy
estimates. When f (u) is only C and [|M(-)|[;2 ~ || - |[4m (m > 1), the
nonlinear instability can be proved by bootstrap arguments. This is done
in three steps. First, by using the energy conservation

H(u) = % (Lu, u) —/R (F(u—l— ue) — F (ue) — f (ue) u— %f’ () uz) d,

we can show
ult ~ ——— —> ||ult m ~N —
H ( )||L2 (1 s)% || ( )HH /2 (1 5)%

Second, we bootstrap ||u (t)|| -1 from ||u (t)|| ym/2. The nonlinear
solution u; (t) for the unstable perturbation can be written as

us (t) = eLus (0) — /Ot ey, (F (us (s) + ue) — f (ue) — ' (uc) ug (s))
= u(t) 4+ un(t).

(Se/\os (Se/\os
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We have the semigroup estimate in H~1(R): for any & > 0 there exist
C(e) > 0 such that

”etJLU(X>HH*1(R) < C(S)e()‘oJrg)tHU(X)”Hfl(R)v Yt > 0.
Thus

fom Oll S [ e IF (s (9)+ ) = F 0e) = 7 () 5 ()]

t
< [ g (5)| 7y ds, (> 1)
0 Hz

Aos P1
< / Feloree—s) [0 )
~Jo (1+s)7

Aot P1
< et : '
(1+1t)7

by choosing € < (p1 — 1) Ag.
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Interpolation

By interpolation of L2 by H~! and H?,

1— m
o ()l < N O N O (o2 = )

m+ 2
ap1+1—a;
Jelot
< | -
~ ((Ht)*)

where p3 = ap; +1—a7 > 1. At t = T4 with &:9,
(1+T5)7

o (Tl > e (T} =l (T
AoTs AoTs ps
> CoLl - L
(1+ T(s)T (1—|— Tg)

= Gb — C'oP > %COG,

—l=

when @ is small.
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1. In the above proof, the semigroup estimates of et/L in H~1 is used to
overcome the loss of derivative of the nonlinear term 9 f (u), since

19 ()l 2 = [IF (W)l 2,

which is controllable in HZ . To estimate e’t| -1, by duality it suffices to

estimate e™/[;1, which is reduced to estimate e'"¢%| 1y, ) uniformly for
¢ €[0,1]. The estimate of etLéJ';‘|H1(T2ﬂ) is obtained by a decomposition
of the spectral projections of Lz near 0 and away from 0, and then
conjugate el to etlele by Lgl on the part away from 0.

2. The idea of overcoming the loss of derivative by bootstrapping the
growth of higher order norms from a lower order one was originated in the
work of (Guo, Strauss 95) for the Vlasov-Poisson system. This approach
was later extended to other problems including 2D Euler equation (Bardos,
Guo, Strauss 02) (Lin, 04) and Vlasov-Maxwell systems (Lin, Strauss 07).
Here, our approach of bootstrapping the lower order norm (Hfl) from a
higher order norm (H?) and then closing by interpolation seems to be
new.
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Examples-Fractional KDV

Consider the Fractional KDV equation
dtu+ 0y (AMu—uP) =0,

where A = \/—92, m > % and either p € N or p = Z with g and n being
even and odd natural numbers, respectively. It is proved by (Johnson,
2013) that TWs of small amplitude are linearly Ml if m € (1, 1) or if

m > 1 and p > p*(m), where

. _2™(34+m)—4—-2m
pi(m) = 2+2m(m—1)
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Examples-Whitham equation

Whitham equation

0t + Mo,u+ 9, (u?) =0,

ﬁﬂ@wzdmﬁgﬂa

It is clear that | M(:)|lg12 ~ || - || 2. When f (u) = u?, for small
amplitude TWs, the condition

where

¢ =2ty > € >0

is satisfied and it is also true for large amplitude waves by numerics. It was
shown by Hur & Johnson (2015) that the small TWs of small period are
linearly modulationally unstable.
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1. For other dispersive models with energy-momentum functional bounded
from below (n™ (L) < o0), we could use the similar approach to prove that
linear MI implies nonlinear Ml for both periodic and localized
perturbations.

2. The remaining problem is to prove nonlinear Ml when the
energy-momentum functional is indefinite. An important example is 2D
water waves for which the linear MI for small amplitude Stokes waves was
first found by (Benjamin & Feir 1967) and later proved by (Bridges and
Mielke, 1995) for the finite depth case.

3. For multi-periodic perturbations, it is possible to construct invariant
manifolds (stable, unstable and center) which give the complete dynamics
near the orbit of unstable waves. For localized perturbations, it is not clear
how to describe the local dynamics for general initial data. The long time
dynamics for unstable perturbations is more challenging.
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