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Abstract
Hinčin proved that any limit law associ-
ated with a triangular array of uniformly in-
finitesimal random variables is infinitely di-
visible. Subsequently, an analogous result
for additive free convolutions of tracial R-
diagonal ∗-distributions was proved by the au-
thor. We prove an analogous result for addi-
tive free convolutions of nontracial R-diagonal
∗-distributions.

R-diagonal ∗-distribution
Let (A, τ) be a C∗-probability space, that is A
is a unital C∗-algebra and τ is a state on A. The
∗-distribution µa of the element a ∈ A is said to
be R-diagonal, if its R-transform Ra,a∗ is of the
form

Ra,a∗(z, z∗) = fa(zz
∗) + ga(z

∗z)

where fa(z) =
∞∑
k=1

αkz
k and ga(z) =

∞∑
k=1

βkz
k.

The sequences of complex coefficients {αk}∞k=1

and {βk}∞k=1 are called the determining se-
quences of the R-diagonal element a. The power
series fa and ga are called the determining series
of a.

Conclusion
Every weak limit of sums of infinitesimal trian-
gular array of R-diagonal variables is necessarily
�-infinitely divisible.

Analogous Results
Analogous results to Hinčin’s theorem were
proved in [1] and [2], where the classical
convolution is replaced by the additive free
convolution of probability measures on the real
line and the multiplicative free convolution of
probability measures, respectively.

The analogous result in the tracial (generally,
unbounded) case was proved in [3]. We note that
the analytic structure required in this paper is
different from the one in the tracial case, because
the analytic tools from the tracial case do not
apply in the nontracial case.
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Theorem
Let {anj : n ∈ N, j = 1, . . . , kn} be an array of ∗-free R-diagonal elements in a C∗-probability
space, let bn =

∑kn

j=1 anj , let µnj denote the ∗-distribution of anj , and let θnj and θ̃nj stand for the
distributions of anja∗nj and a∗njanj , respectively. Suppose that
(a) the array {anj} is infinitesimal, in the sense that for every ε > 0,
limn→∞max1≤j≤kn θnj({t : t > ε}) = 0, limn→∞max1≤j≤kn θ̃nj({t : t > ε}) = 0;

(b) T = supn∈N ‖bn‖
2
< +∞; and

(c) there exists a ∗-distribution µ of some C∗-element such that the sequence (µbn)n∈N converges
weakly to µ.
Then µ is �-infinitely divisible.

Free Probability
C∗-probability space
Let (A, τ) be a C∗-probability space, that is A is
a unital C∗-algebra and τ is a state on A.
A random variable is a ∈ A. Noncommutative.

∗-distribution
The ∗-distribution µa of an element a ∈ A is the
linear functional µa : C〈Z,Z∗〉 → C determined
by requiring that

µa(Z
w) = τ(aw),

where we use the notation aw = a`1 · · · a`n for
w = (`1, . . . , `n) and `i = 1 or ∗.

Free independent
The alternating product of centred elements is
centred. More precisely, A1,A2 ⊂ A are free
independent: if

τ(a1a2 · · · an) = 0

whenever aj ∈ Aij , ij ∈ {1, 2}, i1 6= i2, i2 6=
i3, · · · , in−1 6= in, and τ(aj) = 0, 1 ≤ j ≤ n.

Free additive convolution
One can define the additive free convolution µ�ν
of two ∗-distributions µ and ν. This operation
corresponds to the sum a+b of two random vari-
ables a and b in the same C∗-probability space
such that {a, a∗} is free from {b, b∗}; see [5].

�-infinitely divisible
A ∗-distribution µ is said to be�-infinitely divis-
ible if, for every natural number n, there exists
a ∗-distribution µn such that

µ = µn � µn � · · ·� µn︸ ︷︷ ︸
n times

.

R-transform
The R-transform of a ∗-distribution µ is a formal
power series in two non-commuting indetermi-
nates z and z∗, whose coefficients are uniquely
determined by the ∗-moments µ(Zw) of µ.

Properties for R-diagonals
There exist probability measures θaa∗ and θa∗a

on the positive real half-line, such that an R-
diagonal ∗-distribution µa is completely deter-
mined by θaa∗ and θa∗a. See [6].

Classical Probability
Probability space
(1)A sample space. (2)A set of events.
(3)The assignment of probabilities to the events.
A random variable X is a measurable function.
(Commutative.)

Independent
Two random variables are independent if the re-
alization of one does not affect the probability
distribution of the other. If X and Y are inde-
pendent random variables, then the expectation
operator E has the property

E[XY ] = E[X]E[Y ].

Additive convolution
Denote by µ ∗ ν, the classical convolution of two
measures µ, ν on the real line. In the probabilis-
tic terms µ∗ν is the distribution of X+Y , where
X and Y are real independent random variables
with distributions µ and ν, respectively.

∗-infinitely divisible
A probability measure on the real line R is said
to be ∗-infinitely divisible if there exist prob-
ability measures µ1, µ2, . . . such that for every
n ∈ N

µ = µn ∗ µn ∗ · · · ∗ µn.︸ ︷︷ ︸
n times

Original Hinčin’s theorem
Hinčin [4] showed that ∗-infinitely divisible mea-
sures are the most general distributions that
can be obtained as limit laws of sums of uni-
formly infinitesimal independent random vari-
ables. More precisely, assume we are given an
array {Xij : i ≥ 1, 1 ≤ j ≤ ki} of real random
variables, and a sequence {ci : i ≥ 1} of real
numbers, such that
(i)Xi1, Xi2, . . . , Xiki

are independent for every i;
(ii)limi→∞max1≤j≤ki P (|Xij | > ε) = 0 for ev-
ery ε > 0; and
(iii)the distributions µi of ci +

∑ki

j=1Xij con-
verge to a limit µ (a probability measure on real
line) in the weak topology.
Then Hinčin proved that the measure µ must
be ∗-infinitely divisible. Conversely, every ∗-
infinitely divisible measure µ occurs as a weak
limit of this type.


